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Abstract: In this work, we investigate wave transmission through an epsilon-near-zero 
metamaterial waveguide embedded with defects. We show that by adjusting the geometric sizes 
and material properties of the defects, total reflection and even transmission can be obtained, 
despite the impedance mismatch of epsilon-near-zero material with free space. Our work can 
greatly simplify the design of zero-index material waveguide applications by removing the 
dependence on permeability. 
 
Recently, the manmade artificial materials denoted metamaterials 1, 2 have drawn extensive 
attentions due to their numerous novel applications 3, 4, 5. Among them are double negative 
materials 1, 2, 6, single negative materials 7, epsilon-near-zero (ENZ) matematerials 8 and 
matched impedance zero-index materials (MIZIM) 9, etc. Zero-index materials (ZIM, including 
both ENZ and MIZIM), as a new type of metamaterials, have been explored both theoretically 
and experimentally to show a lot of intriguing properties 8, 9, 10, 11, 12, 13, 14, 15, 16, 17. For example, 
Enoch et al. 8 showed that a ZIM can enhance the directive emission for an embedded source; 
Ziolkowski 9 studied the possibility of designing a MIZIM; Li et al. 10 proved that there is a 
zero-nത gap inside the zero (volume) averaged refractive index material, which is distinct from 
the Bragg gaps; Silveirinha and Engheta 11-13 demonstrated an ENZ medium that can “squeeze” 
the electromagnetic (EM) waves in a narrow waveguide. Such a tunneling effect was later 
demonstrated in microwave experiments 15, 16. Recently, Hao et al. 18 showed that a total 
reflection or transmission can be obtained by introducing perfect electric conductor (PEC) (or 
perfect magnetic conductor, PMC) defects inside the ZIM in a two dimensional (2D) waveguide 
structure. Nguyen et al. 19 found that similar effects can happen when dielectric defects are 
introduced into the MIZIM, which suggests an active control transmission and reflection by 
incorporating tunable refractive index materials. However, it is much more challenging to 
fabricate the MIZIM than the ENZ medium, because it is very difficult to engineer effective 
permittivity and permeability to be zero at the same time. In this letter, we will revisit the 
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problem wave transmission in a similar waveguide structure with defects but replacing the 
MIZIM with the ENZ medium. Analytic expressions will be derived to see how total reflection 
and transmission can be achieved by adjusting the geometric sizes and material parameters of the 
embedded defects. Finite element numerical simulations will also be carried out to prove our 
theory. 
 
 
FIG. 1 (color online). The computation domain of the two dimensional waveguide structure with 
a ZIM (region 1). Region 0 and 3 are vacuum. Region 2 (the cylinders) are the embedded defects. 
The parallel black lines are PEC walls of waveguide. A TM mode is incident from left to right 
inside the waveguide. 
 
 
    In the beginning, we would like to consider a 2D waveguide structure, which consists of 
four regions as shown in FIG. 1. Region 0 and 3 are free spaces separated by a ZIM (region 1) 
with effective permittivity ߳ଵ  and permeability ߤଵ . N cylindrical defects (region 2) are 
embedded inside region 1, whose effective permittivities and permeabilities are ߳ଶ௜ and ߤଶ௜, 
respectively (for the ith cylinder). For simplicity, we focus on the transverse magnetic (TM) 
polarization (the magnetic field H is polarized in z direction). The walls of the waveguide are set 
to be PECs (Similar results will be obtained for transverse electric (TE) mode where the walls of 
the waveguide are PMCs).  
 
Suppose that a TM mode with ۶୧୬ ൌ ̂ݖ ܪ଴௜݁௜ሺ௞బ௫ିఠ௧ሻ is incident from left to right inside 
the above waveguide, where ݇଴ሺൌ ߱/ܿሻ is the wave verctor and ߱ is the angular frequency. 
We will omit the time variation  ݁ି௜ఠ௧ throughout the following for convenience. The EM wave 
in each region follows the Ampére െ Maxwell equation, 
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where the integer ݊ signifies each region, ߳௡ is the relative permittivity of each region. The 
electromagnetic field in region 0 can be written as, 
                ࡴ଴ ൌ ̂ݖ ܪ଴௜ሺ݁௜௞బ௫ ൅ ࣬݁ି௜௞బ௫ሻ,                  (2) 
and 
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where ࣬ is the reflection coefficient. Likewise in region 3, we have,  
                ࡴଷ ൌ ̂ݖ ࢀܪ଴௜݁௜௞బሺ௫ିௗሻ,           (4) 
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where ࢀ is the transmission coefficient. For region 1, as its ߳ଵ ؆ 0, in order to have a finite 
value of the electric field 19, ߘ ൈ ࡴଵ must vanish, i.e., ࡴଵ ൌ ̂ݖܪଵ with a constant value ܪଵ. 
The boundary condition at the interface of region 0 and 1 gives that  ܪ଴௜ ൅ ࣬ܪ଴௜ ൌ ܪଵ, while 
another one at interface of region 1 and 3 is  ࢀܪ଴௜ ൌ ܪଵ . Therefore we obtain a simple 
relationship between the two transmission and reflection coefficients, T = 1 + ࣬. For region 2, 
the magnetic field inside each cylindrical defect obeys the Helmholtz equation, 
                ߘଶࡴଶ ൅ ݇଴ଶ߳ଶ௜ߤଶ௜ࡴଶ ൌ 0.               (6) 
We will ignore the magnetic coupling between the defects as in Ref. [19]. As ܪଵ is a constant, 
Dirichlet boundary conditions should be applied at the surface of each defect and lead to the 
magnetic field distribution as 19, 
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where ࡶ૙ is the zero-order Bessel function of the first kind; ݇ଶ௜ ൌ ݇଴ඥ߳ଶ௜ߤଶ௜  is the wave 
vector in each cylindrical defect; ܴ௜ is the radius of each cylinder; ݎ௜ is relative coordinate as 
that in Ref. [19]. The electric field inside the defects can also be obtained as 19,               
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where ࡶ૚ is the 1st-order Bessel function of the first kind, ߠ෠௜ is the azimuthal unit vector for 
the ith cylindrical defect. Using Maxwell-Faraday equation, 
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we can find out the transmission coefficient as,  
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where ܵ ൌ ݀ ൈ ݄ is total area of the region 1 and 2, ܵௗ ൌ ∑ ߨܴ௜ଶே௜ୀଵ  is total sum of the areas of 
N cylindrical defects. 
Let us now discuss the above transmission coefficient expression. (a), if ߤଵ vanishes, the ZIM 
becomes a matched impedance zero-index metamaterial (MIZIM), Eq. (10) will go back to the 
transmission coefficient formula in Ref. [19] (its equation (8)). (b), if any of the defects is PMC 
(ߤଶ௜ ൌ െ∞), ࢀ ൌ 0, we can obtain similar results in Ref. [18]. (c), if ߤଵ is finite value and no 
defect exists in the region 1 (i.e., ܵௗ= 0), the third term of the denominator in Eq. (10) will 
disappear, thereby the transmission coefficient ࢀ will reduce to,                        
                ࢀ ൌ ଵ
ଵି೔ೖబഋభ೏
మ
 ,                             (11) 
which is in accordance with the results in Ref. [14]. 
 
According to Equation (10), total reflection or transmission can also be achieved by 
embedding proper defects inside the ZIM. For example, if ܬ଴ሺ݇ଶ௜ܴ௜ሻ is equal to zero, no matter 
what value of the permeability of ZIM is, there will be a total reflection. Here we choose ߤଵ ൌ 1, 
such that ZIM is of a nonmagnetic response, i.e., the ENZ medium which could be easily 
designed and fabricated. In order to verify our analysis, numerical simulations are performed by 
using finite element solver COMSOL MULTIPHYSICS. We set ݀=32mm, ݄=30mm. The 
frequency of the incoming TM wave is 10GHz. For simplicity, here we only consider one 
cylindrical defect with radius R=8mm. The permittivity and permeability of the defect are chosen 
to be ߳ଶ ൌ 2.06 and ߤଶ ൌ 1 to satisfy ܬ଴ሺ݇ଶ௜ܴ௜ሻ ൌ 0, which denotes a dielectric material. 
 
 
  
 
FIG. 2 (color outline). (a) The magnetic distribution of a MIZIM with ߳ଵ ൌ 0.01  and 
ߤଵ ൌ 0.01. (b) The magnetic distribution of an ENZ medium with ߳ଵ ൌ 0.01 and ߤଵ ൌ 1. (c) 
The magnetic distribution of an ENZ medium with a dielectric cylindrical defect with ߳ଶ ൌ 2.06 
and ߤଶ ൌ 1. (d) The magnetic distribution of an ENZ medium with a dielectric cylindrical defect 
with ߳ଶ ൌ 2.405 and ߤଶ ൌ 1 . 
 
 
FIG. 2(a) shows the magnetic field distribution when a TM plane wave incident from the left 
impinges into a MIZIM with ߳ଵ ൌ 0.01 and ߤଵ ൌ 0.01. The incoming TM wave transmits 
through the structure completely. If the permeability of the MIZIM is replaced by ߤଵ ൌ 1, i.e. an 
ENZ medium, then only part of the incoming EM wave can transmit, as shown in FIG. 2(b). 
Now, if we embed a dielectric defect described above with Ԗଶ ൌ 2.06 and ߤଶ ൌ 1 inside the 
ENZ medium, the structure will totally block the wave, as shown in FIG. 2(c). Likewise, the total 
transmission can be achieved for the same structure by modifying the material parameters of the 
cylindrical defects. The total transmission happens when ࢀ is equal to 1. By substituting it into 
Eq. (10), we find we could simply replace the above dielectric defect with another one with 
߳ଶ ൌ 2.405 and ߤଶ ൌ 1 to fulfill the requirement. FIG. 2(d) shows that such a structure has a 
total transmission. 
 
 FIG. 3 (color online) The relationship between the transmission efficiency and the permittivity of 
the dielectric defect. The black solid curve denotes the results obtained directly from Eq. (10). 
The circular data is obtained from numerical simulations with an ENZ medium with ߳ଵ ൌ 0.01. 
The triangular data is obtained from numerical simulations with an ENZ medium with 
߳ଵ ൌ 0.01 ൅ 0.01 כ ݅. The star-shaped data (together with the purple dashed curve) is from 
numerical simulations with an ENZ medium with ߳ଵ ൌ 0.01 ൅ 0.1 כ ݅. 
 
 
As the above two dielectric defects have very close permittivities, we can consider using tunable 
refractive index materials (such as liquid crystals 19) to control the wave transmission. In FIG. 3, 
we plot the relationship between the transmission efficiency and the permittivity of the dielectric 
defect (the black solid curve, ߳ଶ ranges from 1 to 4). The curve shows that there is a total 
reflection at Ԗଶ ൌ 2.06 and a total transmission at Ԗଶ ൌ 2.405, as are already shown in FIG. 2(c) 
and (d), respectively. During the numerical simulations, we have used an ENZ medium with 
Ԗଵ ൌ 0.01 and µଵ ൌ 1. Such an approximation is very accurate, as is also shown in FIG. 3 (see 
the circular data, which are very close to the results from Eq. (10)). In a real ENZ medium (either 
designed from metamaterials or using the plasmonic materials, such as metals), there should be 
some absorption. We consider two cases, one is an ENZ medium with Ԗଵ ൌ 0.01 ൅ 0.01 כ i, the 
other is with Ԗଵ ൌ 0.01 ൅ 0.1 כ i. The numerical results are shown in FIG. 3 by triangular data 
and star-shaped data (together with a purple dashed curve), respectively. A considerable amount 
of loss (such as the case of Ԗଵ ൌ 0.01 ൅ 0.1 כ i) will compromise both the total reflection and 
the total transmission effect. However, we can still use such a structure to control the wave 
transmission. The structure might be applied in on-chip applications such as switches and optical 
modulators. 
 
In conclusion, we have found that a total reflection or transmission could be achieved by 
introducing suitable defects into an ENZ medium, instead of a MIZIM. Numerical simulations 
confirm our theory. Compared to the MIZIM, the ENZ medium is much easier to make with 
metamaterials or plasmonic materials, therefore gives possibilities to a feasible 
proof-of-principle experiment in future. Such a structure suggests promising on-chip 
applications.  
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